
Mathematical Finance
Dylan Possamaï

Assignment 9

We fix throughout a probability space (Ω, F ,P) on which we are given a filtration F, unless otherwise stated.

Asian option in Black–Scholes model

We consider the one-dimensional Black–Scholes model seen in class, with time horizon T > 0, such that the unique
risky asset in the market has the following dynamics under the unique risk-neutral measure Q

St = S0 +
∫ t

0
rSsds +

∫ t

0
σSsdBQ

s , t ∈ [0, T ],

where r ≥ 0 is the interest-rate, σ > 0 the volatility of S, S0 > 0 its initial value, and BQ is an (F,Q)–Brownian motion.

The goal of the exercise is to evaluate the price of an Asian Call option on S, with maturity T and strike K > 0, whose
payoff at maturity is given by

ΦT :=
(

1
T

∫ T

0
Ssds − K

)+
.

We denote by ACt(T, K; S) the value at any time t ∈ [0, T ] of such an option, and as usual, by Ct(T, K; S) the value
at time t ∈ [0, T ] of the call option with strike K, maturity T and underlying S.

1) Consider another option with maturity T , whose payoff is defined by

ΨT :=
(

exp
(

1
T

∫ T

0
log(Ss)ds

)
− K

)+

The value at any time t ∈ [0, T ] of the option with payoff ΨT is denoted by GACt(T, K; S).

a) Prove that

ΦT =
(

1
T

∫ T

0

(
Ss − K

)
ds

)+
,

and then that
ΦT ≤ 1

T

∫ T

0

(
Ss − K

)+ds.

b) Prove that

exp
(

1
T

∫ T

0
log(Ss)ds

)
≤ 1

T

∫ T

0
Ssds,

and deduce that
ΨT ≤ ΦT .

Hint: It would be profitable to admit the so-called Jensen’s inequality, which states that for any convex function
f : R −→ R, and any integrable function g : [0, T ] −→ R, we have

f

(
1
T

∫ T

0
g(s)ds

)
≤ 1

T

∫ T

0
f

(
g(s)

)
ds.

c) Deduce then that

GAC0(T, K; S) ≤ AC0(T, K; S) ≤ 1
T

∫ T

0
e−r(T −s)C0(u, K; S)du.
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2)a) Show that ∫ T

0
BQ

s ds =
∫ T

0
(T − s)dBQ

s .

2)b) Deduce that the random variable 1/T
∫ T

0 log(Ss)ds has a Gaussian distribution under Q, with mean m and variance
v2, where

m = log(S0) +
(

r − σ2

2

)
T

2 , v2 := σ2T

3 .

2)c) Show then (this should remind you of Black–Scholes formula) that

GAC0(T, K; S) = S0e− T
2 (r+ σ2

6 )N (d1) − Ke−rT N (d0),

where

d0 := 1
σ

√
T/3

log
(

S0e T
2 (r− σ2

2 )

K

)
, d1 := d0 + v.

3) We now define a new process

Yt = Y0 +
∫ t

0
Sudu, t ∈ [0, T ],

where Y0 > 0 is a given constant.

a) Prove that the pair (S, Y ) is a Markovian diffusion, that is to say that you can find maps b : (0, +∞)2 −→ R2

and Σ : (0, +∞)2 −→ R2×2 (where R2×2 is the set of 2 × 2 matrices) such that(
St

Yt

)
=

(
S0
Y0

)
+

∫ t

0
b(Ss, Ys)ds +

∫ t

0
Σ(Ss, Ys)

(
dBQ

s

dBQ
s

)
, t ∈ [0, T ].

b) We consider an option with maturity T and payoff (1/TYT − K)+. We are looking for a self-financing portfolio
Xx,∆ which replicates this option and takes a very specific form, namely

Xx,∆
t = u(t, St, Yt), t ∈ [0, T ],

where the map u : [0, T ]× (0, +∞)2 −→ R is supposed to be as smooth as necessary. Using the two-dimensional
Itô’s formula show that necessarily, the map u must then satisfy the PDE

∂u

∂t
(t, x, y) + rx

∂u

∂x
(t, x, y) + x

∂u

∂y
(t, x, y) + σ2

2 x2 ∂2u

∂x2 (t, x, y) − ru(t, x, y) = 0, (t, x, y) ∈ [0, T ) × (0, +∞)2,

u(T, x, y) =
(

y

T
− K

)+
, (x, y) ∈ (0, +∞)2.

We will assume that this PDE has a unique non-negative solution with bounded derivatives with respect to x
and y.

c) Deduce a replicating strategy for the option with payoff ΦT , and prove as well that

AC0(T, K; S) = u(0, S0, 0).

4) The PDE derived in the previous question is not easy to deal with numerically, so we will try to reduce its dimension.

a)(⋆) Prove that an option with maturity T and payoff 1/T
∫ T

0 Ssds−K can be replicated by a self-financing portfolio
(x⋆, ∆⋆), where

x⋆ := S0
1 − e−rT

rT
− Ke−rT , ∆⋆

t := 1 − e−r(T −t)

rT
, t ∈ [0, T ].

b) We define Zt := Xx⋆,∆⋆

t S−1
t , t ∈ [0, T ]. Show that

dZt =
(
∆⋆

t − Zt

)
σ

(
dBQ

t − σdt
)
.
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c) Let us consider the probability measure QS whose density with respect to Q is given by

dQS

dQ := e−rT ST

S0
.

Show that QS is well-defined, that the process BS , defined by BS
t := BQ

t −σt, t ∈ [0, T ], is an (F,QS)–Brownian
motion, and deduce that Z is an (F,QS)-martingale.

d) Show that
AC0(T, K; S) = S0EQS

[Z+
T ],

and deduce then that AC0(T, K; S) = S0V (0, Z0), where the function V is assumed to be smooth and solves
the PDE 

∂V

∂t
(t, z) + σ2

2
(
∆⋆

t − z
)2 ∂2V

∂z2 (t, z) = 0, (t, z) ∈ [0, T ) × (0, +∞),

V (T, z) = z+, z ∈ (0, +∞).

Asian option on the arithmetic mean

Fix some horizon T > 0. We consider a filtered probability space (Ω, F ,F = (Ft)t≥0,Q), where Q is directly assumed
to be a risk-neutral measure, under which the dynamics of the unique risky asset S in the market is given by

St = S0 +
∫ t

0
rSsds +

∫ t

0
SsσsdBQ

s , t ≥ 0,

where S0 > 0, where BQ is an (F,Q)−Brownian motion, where r ≥ 0 is the (constant) short rate, and where the process
(σt)t≥0 is an F−adapted process satisfying σ ≤ σt ≤ σ, t ≥ 0, for some constants 0 < σ ≤ σ < +∞. We are interested
in the pricing and hedging of the Asian option whose payoff G at maturity T is defined by

G := (YT − K)+, where Yt :=
∫ t

0
Sug(u)du, t ≥ 0,

where g : [0, +∞) −→ R is a given deterministic function, and the strike K > 0 is fixed.

1) Explain why we have

Ss = St exp
( ∫ s

t

(
r − σ2

u

2

)
du +

∫ s

t

σudBQ
u

)
, and EQ

[
exp

(
−

∫ s

t

σ2
u

2 du +
∫ s

t

σudBQ
u

)∣∣∣∣Ft

]
= 1, 0 ≤ t ≤ s.

2) Check then that you can write for any t ∈ [0, T ]

EQ[
e−r(T −t)YT

∣∣Ft

]
= θ̂(t)St + e−r(T −t)

∫ t

0
g(u)Sudu,

where the deterministic function θ̂ : [0, +∞) −→ R is defined by θ̂(t) :=
∫ T

t
e−r(T −u)g(u)du, t ≥ 0.

3) Consider the self-financing portfolio with initial capital 0 and which consists in holding exactly θ̂(t) units of S at any
t ∈ [0, T ]. We denote the corresponding value by X0,θ̂. Show that

e−rtX0,θ̂
t =

∫ t

0
θ̂(s)σse−rsSsdBQ

s , t ∈ [0, T ].
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4) Denoting as usual S̃t := e−rtSt, t ≥ 0, the discounted value of the risky asset, show that

θ̂(0)S0 +
∫ T

0
θ̂(u)dS̃u = e−rT YT .

What does the left-hand side represent? Comment.

5) Deduce from the previous questions that

YT − K = Xx◦,θ̂
T , where x◦ := θ̂(0)S0 − e−rT K.

6) Justify that the probability measure Q̃, whose density with respect to Q on Ft, is given by Zt := S̃t

S0
, t ∈ [0, T ], is

well defined.

7) Define now for simplicity the quantity ξt := Xx◦,θ̂
t /St, t ∈ [0, T ]. Show that we have

EQ[e−rT G] = S0EQ̃[ξ+
T ].

8) Explain why the process
(
BQ̃

t

)
t∈[0,T ] is an (F, Q̃)−Brownian motion, where

BQ̃
t := Bt −

∫ t

0
σsds, t ∈ [0, T ].

9) Show using Itô’s formula that

ξt = x◦

S0
+

∫ t

0

(
θ̂(s) − ξs

)
σsdBQ̃

s , t ∈ [0, T ].

10)(⋆) Assume from now on (that is until the end of the current exercise) that the process (σt)t∈[0,T ] is constant equal to
some σ > 0. Using the previous question, argue that there exists a function v : [0, T ] × (0, +∞) −→ R such that

EQ̃[ξ+
T |Ft] = v(t, ξt), t ∈ [0, T ].

Assuming that v is smooth, give the PDE (partial differential equation) satisfied by v, and deduce the price at time
0 of the Asian option with payoff G in terms of v, and S0.

11)(⋆) We now impose in addition that g(t) = 1/T , t ≥ 0. Define for simplicity k := − log(K), and consider the following
double Laplace transform

L(λ, µ) :=
∫ +∞

0

∫ +∞

−∞
EQ[

e−rt
(
Yt − e−k

)+]
e−µt−λkdkdt, (λ, µ) ∈ (0, +∞).

Show that if τ is a random variable, independent of BQ, with exponential distribution1 with parameter µ, then we
have

L(λ, µ) = 1
µλ(1 + λ)E

Q[
e−rτ Y 1+λ

τ

]
.

1We remind you that τ has exponential distribution with parameter µ is τ is a continuous random variable, valued in R, with density

fτ (x) :=
{

0, if x ≤ 0,

µe−µx, if x > 0.
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12) Check that for all t ≥ 0

S1+λ
t = S1+λ

0 exp
(

(1 + λ)
(

r + σ2

2 λ

)
t

)
Mt, where Mt := exp

(
(1 + λ)σBQ

t − 1
2(1 + λ)2σ2t

)
, t ≥ 0.

Show also that the probability measure Q̂, whose density with respect to Q on Ft, is given for any t ≥ 0 by Mt is
well-defined, and explain why the following process is an (F, Q̂)−Brownian motion

BQ̂
t := BQ

t − (1 + λ)σt, t ≥ 0.

13) Show that L(λ, µ) = S1+λ
0

λ(1+λ)E
Q̂[ ∫ +∞

0 e−βtΨ1+λ
t dt

]
, where

Ψt := Yt

St
, t ≥ 0, β := r + µ − (1 + λ)

(
r + σ2

2 λ

)
.

14)(⋆) Use Itô’s formula to deduce Ψt =
∫ t

0
(
1/T − Ψs(λσ2 + r)

)
ds −

∫ t

0 σΨsdBQ̂
s . Deduce (informally) that there exists

some function f such that

EQ̂
[ ∫ +∞

t

e−β(s−t)Ψ1+λ
s ds

∣∣∣∣Ft

]
= f(Ψt), t ≥ 0.

Assuming that f is smooth, and using Itô’s formula, deduce that f satisfies a linear ordinary differential equations
that you will explicitly write. How can you use these results to price the Asian option?
Hint: there are very efficient numerical methods allowing to deduce the distribution of a random variable if the
corresponding Laplace transform is known explicitly.
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